Abstract. Monotone paths on zonotopes and the natural generalization to maximal chains in the poset of topes of an oriented matroid or arrangement of pseudo-hyperplanes are studied with respect to a kind of local move, called polygon move or ip. It is proved that any monotone path on a d-dimensional zonotope with n generators admits at least d2n=(n ? d + 2)e ? 1 ips for all n d+2 4 and that for any xed value of n?d, this lower bound is sharp for in nitely many values of n. In particular, monotone paths on zonotopes which admit only three ips are constructed in each dimension d 3. Furthermore, the previously known 2-connectivity of the graph of monotone paths on a polytope is extended to the 2-connectivity of the graph of maximal chains of topes of an oriented matroid. An application in the context of Coxeter groups of a result known to be valid for monotone paths on simple zonotopes is included.
Introduction
Let P be a d-dimensional polytope in R d and f be a generic linear functional on R d , meaning that f is nonconstant on every edge of P. Such a functional f takes its minimum and maximum over P at unique vertices s and t, respectively. An f-monotone path on P is a sequence s = a 0 ; a 1 ; : : : ; a n = t of vertices of P such that for each i with 1 i n, vertices a i?1 and a i are joined by an edge of P and f(a i?1 ) < f(a i ). A ip for such a path is a 2-dimensional face F of P such that one of the two f-monotone paths on F, considered as a polytope on its own, forms a subsequence of consecutive vertices in . Two distinct f-monotone paths on P are said to di er by a polygon move, or ip, across F 1, 14] if they have F as a common ip and agree on vertices not in F.
The polygon moves give rise to a natural graph structure G(P; f) on the vertex set of f-monotone paths on P, which is the analogue of the graph of triangulations of a given point con guration and geometric bistellar operations and that of cubical tilings of a zonotope and cube-ips, in the context of the generalized Baues problem 4]; see 14, Section 2]. In the case of triangulations and tilings and for a xed dimension, the problem to determine the level of connectivity of such a graph and, in particular, the minimum possible number of neighbors of a vertex, has attracted considerable attention in recent years; see e.g. 14, 15] . For the graph G(P; f) these questions were raised in 14 Theorem 1.1 ( 1] We will be interested in the special case in which P is a zonotope (see Section 2 for de nitions). In this case the graph G(P; f) has an alternative description in terms of the arrangement A of linear hyperplanes polar to P (see 5, Section 1.2]), which we brie y outline next. If B is the region of A which corresponds to the f-minimizing vertex of P then the f-monotone paths on P biject to the maximal chains of the poset of regions of A (see 10]) with basis B. The ips correspond to the \elementary homotopies" connecting these maximal chains (see Section 6), a concept which originated in the work of Deligne 9] , and reduce to the \Coxeter moves" in the important special case of re ection arrangements (see 5, Section 2.3] and Section 7). Moreover, this graph of maximal chains and elementary homotopies can be de ned for an arbitrary oriented matroid L with xed tope B and was shown to be connected in 8]. We will consider the problem to determine the minimum number of ips possible for monotone paths on zonotopes of xed dimension as well as number of generators. Our rst result gives a lower bound on this number. This paper is structured as follows. We begin with preliminaries on zonotopes and oriented matroids in Section 2. In Section 3 we characterize monotone paths on zonotopes and their ips in oriented matroid terms and establish some of their elementary properties. In particular, we prove that one can always add a generator and increase the length of a monotone path by one without altering the dimension or number of ips. Theorems 1.2, 1.3 and 1.4 are proved in Sections 4, 5 and 6, respectively. In Section 7 we point out an application of Theorem 1.1 to the graph of reduced decompositions of the maximal element in a nite Coxeter group.
Preliminaries
Throught the paper we use the notation m; n] := fm; m + 1; : : : ; ng for integers m; n with m n and let n] := 1; n].
2.1. Sign vectors. We denote by n the set f?; 0; +g n] of sign vectors of length n and write X = (X 1 ; X 2 ; : : : ; X n ) for X 2 n . The set n is partially ordered by extending coordinatewise the partial order on f?; 0; +g de ned by the relations 0 < ? and 0 < +. Its unique minimal element is the zero vector, denoted by 0. We will normally identify an oriented matroid with its set of covectors.
As a subposet of n , an oriented matroid L is a ranked poset whose rank (one less than the cardinality of any maximal chain in L) we denote by r. The quantity n ?r is the corank of L. The Let E be a con guration of n nonzero vectors in R d , with no two parallel, and Z(E) be the zonotope generated by E. Let f be a linear functional which is not constant on any edge of Z(E), in other words, which does not vanish on any element of E. Since changing a vector of E to its negative results only in a translation of Z(E), we may assume without loss of generality that f is positive on E. 
Proof. Both parts follow from the characterization of vertices and edges of Z(E) in terms of the covectors of L(E).
A sequence A = (v 1 ; : : : ; v n ) of vectors satisfying the condition in Lemma 3.1 (ii) for a given index i will be said to be valid at i. In oriented matroid terms, A is valid at i if the sign vector which is negative on i ? 1], zero on i and positive on i + 1; n] is a covector of L(A). We call A a valid sequence if it is valid at every index i. The validity at the rst and last index implies that the positive span of A is a pointed cone. Lemma 4.1. Let 1 k < l n be two indices such that A has no ip at the pairs (v i ; v i+1 ) with k i < l and suppose that no three elements of (v k ; : : : ; v l ), with at least two of them consecutive, are coplanar.
(i) The sequence A n v k has no ip at the pairs (v i ; v i+1 ) for k < i < l.
( There exists an index j with k < j < l such that:
(i) no three consecutive elements of (v k ; : : : ; v l ) n v j are coplanar, (ii) A n v j has no ip at (v j?1 ; v j+1 ) and (iii) A n v j has no ip at any pair (v i ; v i+1 ) at which A has no ip.
Proof. We choose a triple (v j1 ; v j ; v j2 ) of coplanar vectors, satisfying k j 1 < j < j 2 l and j = j 1 + 1 or j 2 ? 1, with j 2 ? j 1 as small as possible. We assume with no loss of generality that j = j 1 + 1. Since (v j ; : : : ; v j2 ) contains no three coplanar elements, with at least two consecutive, we can apply Lemma 4.1 to A on this subsequence. For instance, take a Gale transform of the rank 3 vector con guration whose a ne picture appears in Figure 3 . We assume further that there exists a functional g : R k ! R with g(u i ) = 1 for all i and g(w) = 0. This is possible since we can choose g as any functional which produces the last covector listed in (2) and then scale each vector u i appropriately. Figure 3 . A vector con guration of rank 3.
Let u n?1 = ?u ?1 and u i = u i?k?2 + t for all i 2 k + 1; n] nfk + 2; n ?1g, where t = w for some positive 2 R. Let A = (u 1 ; : : : ; u n ) and A = (v 1 ; : : : ; v n ) be a Gale transform of A . We claim that A is valid for any value of and that it has exactly 2p ? 1 ips if is su ciently large, namely at the pairs (v q?2 ; v q?1 ) and (v q ; v q+1 ) for indices q divisible by k + 2.
Indeed, let q = a(k + 2) with a 2 0; p ? 1]. By our choice of g, the sum of the coe cients in any linear dependence on (u ?1 ; u 1 ; : : : ; u k ; u k+2 ) is zero and hence such a dependence is preserved under translation of all vectors by t. As a result, the sign vectors (1) Figure 4 shows a two-dimensional projection of this hyperplane along the direction of the third coordinate x 3 . The white dot represents ?v 7 and v 8 is drawn as lying at in nity. The linking of the triangles fv 1 ; v 2 ; v 3 g, fv 4 ; v 5 ; v 6 g and fv 7 ; v 8 ; v 9 g shown should help the reader to understand the construction.
Let A = (v 1 ; : : : ; v 9 ) be a Gale transform of A . We claim that A is valid and has only two ips, namely at the pairs (v 3 ; v 4 ) and (v 6 ; v 7 ). To see the latter we where is any positive constant smaller than 1=2. The six rows of W represent linear functionals over R 4 which witness, respectively, non ips at the pairs (1; 2), (2; 3), (4; 5), (5; 6), (7; 8) and (8; 9) . This is shown by the following matrix multiplication:
W A = To see that the sequence is valid consider the following matrix.
V := G(L; B) . Note that G i = G(L; B) for i = n, so it su ces to prove that G i is 2-connected for all i by induction on i.
At 
The graph G i is 2-connected by induction and H i;i+1 is 2-connected by Lemma 6. 
